L’Hopital’s Rule

In this note we will evaluate the limits of some indeterminate forms using L’Ho6pital’s
Rule.

Indeterminate Forms — and 0
%) 0
Suppose I|m f(x) =0 and I|m g(x) = 0. Then I|m gE; may or may not exist and it is called
the indeterminate form of type 8
Suppose )I(i_rgf(x) = oo and )I(i_rpag(x) co. Then I|m E ; may or may not exist and it is called

the indeterminate form of type il
(0. 9]

Note that a can represent a nite real number or +oco or—oo

L’Hopital’s Rule: Suppose T and g are di erentiable on an open interval containing a

and g’(x) # 0 on that interval except possibly for a. Also suppose that I|m 8 is
an indeterminate form 0 or 2. Then
0 00
f0 _ o F

A g ag(x)

provided that the limit on the right side exists or is 4+-oo.

— 13x2 + 6X_
4x2 —13x+ 10"
Solution. Since )I(in; 5x® — 13x* + 6x = 0 and )I(imz 4% — 13x + 10 = 0 we can apply L’Hopital’s
Rule. So

Example 1. Evaluate I|m

lim 5x3 — 13x? + 6X _ - 15x* —26x+6 _ 14
x—2 4x2 — 13X+ 10  x—2 8x — 13 3
10x +5

Example 2. Evaluate Ilim ———
P X—00 3X2 — 7X + 4

Solution. Since xIim 10x + 5 = oo and I|m2 3x? — 7x + 4 = co we can apply L’H6pital’s Rule.
— 00 X—s
So

lim 10x +5 - 10
XH<><>3x2—7x+4 X—00 6X — 7



X

Example 3. Evaluate lim ———:
x—0 1 — €0S X

Solution. We can NOT apply L’H6pital’s Rule because )I(ing)ex = 1 and )I(in?)l —cosx = 0:
Therefore

X

lim —— = o0
x—01 — cos X

cosx — 1.
ex—1
Solution. Since Iirr(1) cosx —1=0and Iirr(1) e* — 1 =0 we can apply L’Hopital’s Rule. So
X— X—

Example 4. Find Iing)
X—

. cosx—1 . —sinX

Iim —— = lim =0

x—0 eX -1 x—0 eX
TvVx —1

Example 5. Evaluate lim ——:
P x—1+ sin(x — 1)

Solution. Since lim 7/x—1=0and lim sin(x — 1) = 0 we can apply L’H6pital’s Rule. So

X—1%* X—1+*
7
TvVX—1 s 2VX—1 - 7

im —— = |im = lim =
x—1* SiN(X — 1)  x—1*cos(X —1) x—1*2cos(X — 1)v/x — 1 >

. . 3In(5x + 3)
Example 6. Find JL@om'

Solution. Since JLrQOB In(5x+3) = oo and XIi_)rrgoz In(x+4) = oo we can apply L’Hopital’s Rule.
So

3In(5x + 3 ) . 15x+60 15 3
3INGX+3) _ 1im X3 = fim =X = b
x—oo 2In(X+4)  x—o0

10X +6 10 2

. . ef—-1-x
Example 7. Find lim ———:
x—0* X SINnX

Solution. Since lim ¢ —1—-x=0and lim xsinx =0 we can apply L’H6pital’s Rule. So

X—0* X—0*
. eX—-1-x . ex—1
im ——=lim —
x—0* X SinX x—0* SIN X + X COS X
Asyousee lim e*—1=0and lim sinx+xcosx = 0, so we need to reapply L’'HOpital’s Rule:
X—0* X—0*
e*—1-x . e*—1 . ex 1

lim —————— im — = lim — =
x—0+  XSsinX x—0* SINX + XCOSX  x—0* COSX + COSX — Xsinx 2



Indeterminate Form 0 - co

If )I(i_rgf(x) =0 and )I(i_rgg(x) = oo(or—oo) then it is not clear what the value of )I(i_rr;lf(x)g(x),
if any, will be. This is called the indeterminate form of type 0 - .

. : . : 0 .
We can convert this type into an indeterminate form of 0 or = by writing the product fg as
0.}
a quotient

fg= or fg=

@ || =-.
-hbd‘(Q

Example 8. Evaluate lim xInx:

X—0*

Solution. Since lim x =0 and I|m InX = —oo, the limit is an indeterminate form of type

X—0

0 - co. First we convert this product |nto the following quotient

InXx
lim xInx = lim —
X—0+ X—0+

X =

where the right side is an indeterminate form of > Then using L’Hopital’s Rule we have:
o

= lim —x =0

X—0*

Inx
lim xInx = I|m — = Ilim

X—0* X—0 Xx—0*

ﬂL‘X‘H

1
X

Example 9. Evaluate Iim X tan(1=x):

Solution. Since I|m X = oo and I|m tan(1=x) = 0, the limit is an indeterminate form of type
0 - oco. First we convert this product |nto the following quotient

I|m xtan(1l=x) = lim tan(129)

x—oo  ]=X

where the right side is an indeterminate form of 0 Then L’Hopital’s Rule implies that:

- B 2 2
lim xtan(1=x) = lim tan(1=x) = lim 1Ex7sec’(12x) _ = lim sec’(1=x) = 1

X—00 X—00 1=X X—00 —1=x2 X—00

Example 10. Evaluate lim x3e
— 0

Solution. It is not di cult to see that the limit is an indeterminate form of type 0 - co. We
3

: i . . X . . . 00
can easily convert it into the quotient Xllm o that gives an indeterminate form — and then
— 00 OO
apply L’Hopital’s Rule twice we will have:
X3 3x2 . 03X . 3
lim x3 > = lim =, = lim =lim — = lim — =0

X—00 X—00 eX2 X—00 2xeX2 X—00 2ex2 X—00 4xeX2



Indeterminate Form oo — o

If )I(i_rgf(x) = oo and )I(i_rgg(x) = oo then the limit )I(i_rg[f(x) —g(x)] is called the indeterminate
form of type oo — cc.

. . . . 0 o . .
We can convert this type into an indeterminate form of 0 or — by using a common denominator,
. . . 00
or factoring out a common factor or rationalization.

Example 11. Evaluate I(imz) (secx — tan x):
X—( =

Solution. Since lim secx =occand lim tanx = oo, the given limit is an indeterminate

x—( =2) x—( =2)

: . 0
form oo — co. Here we use a common denominator to convert it into 0 and then we apply
L'Hopital’s Rule:

, sin X . sin
lim (secx —tanx) = I|m (— ——)= lim (
x—( =2) =2) COSX COS X x—( =2)



Exercises. Evaluate the following limits. Use L’Hopital’s Rule where appropriate.

10.

13.

16.

19.

2x2 —3x—9
x—3 X2 —2x —3

. lim

6X — 5

lim ——————
x—00 4x2 + 7X + 9

sin X
im -———
x—0+ 1 — COS X

. e3X

lim
x—o0 [N X
lim VX~ 1
X—oo 4X + 5
lim &~ 1L
x—1 (X — 1)3

e4x

lim

X—00 e3X —+ X

2 lim 4)(3_'_7)(_3
" x=oo x2 —bx + 8
.1 —ex
> )I(l_r% 2X
8 1im SI!‘]ZX
x—0 Sin X
X—1
11. lim
X—1 ﬁ— 1
In x
14, lim ———
x—1sin(x — 1)
17 In(x — 10)
x—oo In(4X + 1)
2% X 0 X4X
20. lim
X—0

2x3 — x? —4x +3

3 >|<I—>ml X3 —5x2+x+1
2+
6. lim — %
x—0 Sin 3X
. eX—x-1
o I g
12. lim VX
x—0+ 1 — COS X
2+
15. fim MOC*D
X—00 \/i
18, lim VX

X—0* In(X + 1)



